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Spin-squeezed states are fully characterized by mean values and variances of collective spin operators, and there are well known relations that link these quantities to entanglement [5, [12] [13] [14] . For instance, metrological spin squeezing ξ 2 R = N (∆Ĵ n3 ) 2 / Ĵ n1 2 < 1 [15] , wherê J ni is a collective spin operator, N is the number of qubits, and n 1 , n 2 and n 3 are three orthogonal directions, is a sufficient condition for particle entanglement [12] . By applying the transformation e −iθĴn 2 , spin-squeezed states can be used for the estimation of the rotation angle θ. Looking at the mean spin as a function of θ, it is possible to achieve a phase sensitivity ∆θ = ξ R / √ N [15] that, when ξ R < 1, is below the standard quantum limit ∆θ SQL = 1/ √ N which gives the maximum sensitivity attainable with separable states [16, 17] .
ENGSs are more difficult to detect. A useful condition is the entanglement criterion F Q [ρ,Ĵ n2 ] > N [16] , wherê ρ is a general state, and F Q is the quantum Fisher information (QFI) [4, 18, 19] . In general F Q ≥ N/ξ 2 R [16] : the inequality F Q > N may thus detect entangled states that are not spin-squeezed (i.e. ξ R ≥ 1). This criterion has been further extended for the detection of multiparticle entanglement [20] . The QFI is directly related to metrological sensitivity by the quantum Cramer-Rao bound (QCRB) ∆θ QCR = 1/ F Q , giving the maximum phase sensitivity, optimized over all possible estimators and measurement strategies [18, 19] . Yet, the characterization and use of ENGSs for metrological sensing is generally hindered by substructures or tails of the phasedependent probability distribution. Furthermore, ENGSs that are non-symmetric under particle-exchange are challenging to study even theoretically, due to the Hilbert space dimension, exponentially increasing with the number of particles.
In this Rapid Communication we propose an experimentally feasible Loschmidt echo [21] protocol to characterize and exploit general quantum states (including nonsymmetric and non-Gaussian, in particular) for metrological applications, see also [27] [28] [29] [30] . The protocol starts with a state |ψ inp of N qubits. We take, for instance, the product of N spin-up particles, |ψ inp = | ↑ ⊗N . Particle entanglement is created dynamically by applying a nonlocal unitary evolutionÛ 1 . This is followed by a rotation e −iθĴn , where n is an arbitrary spin direction, and a second nonlocal transformationÛ 2 , which provides the echo operation. The probability that the output state after the full protocol, |ψ out =Û 2 e −iθĴnÛ 1 |ψ inp , coincides (up to a global phase factor) with the initial one is P 0 (θ) = | ψ out |ψ inp | 2 (this quantity is also indicated as "fidelity" in the literature on Loschmidt echo problems [21] ). Under the time reversal conditionÛ 2Û1 = 1, a Taylor series expansion around θ = 0 gives
where
is the QFI of the state |ψ 1 =Û 1 |ψ inp . We argue that the projection over the state | ↑ ⊗N can be realized experimentally with very high efficiency (we comment on this later). Equation (1) reveals that the decrease of P 0 (θ) for θ ≈ 0 is directly related to the QFI, which in turns depends on multiparticle entanglement in the quantum state |ψ 1 [16, 20, 31] . Furthermore, we can use the probability P 0 (θ) as phase-sensing signal. Standard error arXiv:1604.04246v2 [cond-mat.quant-gas] 7 Jul 2016 propagation predicts
. In the ideal case, the Loschmidt echo, followed by the projection over the probe state, realizes a protocol to saturate the QCRB. This holds under general conditions: the unitary operatorsÛ 1,2 can be generated by an arbitrary nonlocal HamiltonianĤ and the scheme does not require any knowledge or assumption on the quantum state. In particular, as we will illustrate in the following, the Loschmidt echo protocol applies to ENGSs created with Ising-type long-range interaction. Furthermore, Eqs. (1) and (2) can be straightforwardly extended to generic qudit system. A protocol analogous to the one discussed in this paper has been recently analyzed in [27, 28] , where it was shown that the Loschmidt echo makes phase estimation robust against detection noise, see also [30, 32] . However, the possibility to saturate the QCRB with arbitrary states was not discussed in these works. Moreover, Refs. [27, 28] have focused on spin-squeezed states while, as shown here, the protocol applies to arbitrary ENGSs as well.
Noise, for instance detection noise or phase noise during the rotation, or an imperfect implementation of the echo (Û 1Û2 = 1), prevents the perfect compensation between numerator and denominator in Eq. (2) that lead to the result (∆θ) 2 = 1/F Q at θ = 0. In presence of noise, (∆θ) 2 = (∆P 0 ) 2 /(dP 0 /dθ) 2 reaches its minimum at a finite value of θ, and saturates 1/ F Q in the limit of vanishing noise. If the transformationŝ U 1,2 are not unitary, and in particular the state before the rotation e −iθĴn is not pure, then Eq. (2) still gives an upper bound to the best achievable sensitivity, and (dP 0 /dθ) 2 /(∆P 0 ) 2 gives a lower bound to the QFI. Therefore, (dP 0 /dθ) 2 /(∆P 0 ) 2 > N implies F Q > N , and it is thus a condition for entanglement. Conditions for multiparticle entanglement can be found following [20] .
As an example, we consider the Ising Hamiltonian
where σ (j)
x is the Pauli matrix for the jth particle and V ij models the interaction strength between particles i and j. Our results are valid for arbitrary V ij . Hamiltonians of the type (3) have been experimentally implemented with power-law couplings
α , where V 0 is the on-site interaction strength (which can be tuned positive, or negative), r ij /a is the distance between particle i and j normalized to a characteristic distance, and α is a characteristic exponent: 0 ≤ α ≤ 3 for ions in a Penning trap [7, 35] , α = 3 for polar molecules [36, 37] , and α = 6 for Rydberg atoms trapped in an optical lattice [38] [39] [40] [41] [42] . When V ij = V 0 we recover the one-axis twisting (OAT) model [43] 
x . OAT has been experimentally realized with Bose-Einstein condensates via atom-atom elastic collisions [44, 45] , trapped ions [7, 46] and, to a very good approximation, via off-resonance atom-light interaction in a optical cavity [47] . The Loschmidt Echo protocol within the OAT model can be visualized in the Bloch sphere, as illustrated in Fig. 1(a) . Starting with |ψ inp = | ↑ ⊗N , particle entanglement is generated dynamically by applyinĝ U 1,OAT = e −i(tV )1ĤOAT ( = 1 in the following), where (V t) 1 refers to the evolution for a time t 1 and an interaction strength V 1 . The state is then rotated around the y axis of an angle θ,R y (θ) = e −iθĴy . The dynamics is finally inverted by applyingÛ 2,OAT = e +i(V t)2HOAT . For (V t) 1 = (V t) 2 = τ , the overlap P 0 (θ) between the initial and the final state shows irregular oscillations as a function of θ, see Fig. 1(b)-(d) , and Eq. (1) holds for θ ≈ 0. In particular, for τ = π/2 we have P 0 (θ) = cos 2 (N θ/2). We can calculate average spin moments and variances of the state |ψ 1 = e −itĤ | ↑ ⊗N , for arbitrary V ij . These expectation values are used to compute the spin squeezing [48] , and QFI. We have Ĵ x = Ĵ y = 0 and
as first moments,
where φ ± ijk = V ik ± V jk , as second moments, and
As an example, we take a soft-core potential
, where R c is the interaction range. This potential is relevant for Rydberg dressed atoms [50, 51] , as we discuss below. Due to non-uniform interactions, the state |ψ 1 is not restricted to the subspace of states symmetric under particle exchange. In Fig. 2 we plot the phase sensitivity (∆θ) 2 normalized to the standard quantum limit, where (∆θ) 2 = (∆θ)
, as a function of the evolution time. The calculation is done assuming a uniform unit-filling two-dimensional lattice with 100 atoms and R c = 8 × a latt , where a latt is the lattice spacing. In Fig. 2(b) the spin squeezing and the QFI are optimized over all possible spin directions. Notably, such optimization is crucial to achieve spin squeezing [48] . On the contrary, the QFI in the optimized and non-optimized cases differ only slightly and for relatively short time [see inset of Fig. 2(b) ]. After a transient time, spin squeezing is lost (ξ 2 R ≥ 1) and ENGSs are produced. Minima of the inverse QFI and squeezing are both obtained at times much shorter than typical interaction times (V 0 t ∼ 1).
The entanglement created dynamically strongly depends on the blockade radius compared to the typical system size. For systems smaller than the characteristic interaction range the dynamics can be mapped into the OAT-type Hamiltonian. spin squeezing [12, 43] and QFI [16] can be calculated analytically. We have
that predicts a phase sensitivity overcoming the standard quantum limit at any time for which (cos 2V 0 t) N −2 = 1. Since (cos 2V 0 t) N −2 ≈ e that Eq. (4) is not optimized over the rotation angle of the phase transformation. In this case, we have
which is always larger than one, signaling the absence of spin squeezing orthogonal to the y axis. When optimizing over the rotation angle, i.e. replacingÛ 1 withÛ
x (and analogous forÛ opt 2 ), where n is the optimal rotation direction in the x-y plane and δ the rotation angle, we obtain a larger QFI:
The optimized spin squeezing is
where ⊥ is a direction perpendicular to n and z. The state is spin-squeezed for times
ENGSs are created for V 0 t 1/ √ N . Dashed lines in Fig. 2(a) [Fig. 2(b) ] show the sensitivity of the OAT model with N = 100 particles obtained from the nonoptimized [optimized] Loschmidt echo dynamics. Figure 3 (a) shows the sensitivity (maximized over evolution time) achieved as a function of the number of particles in a two-dimensional setup for R c = 5 × a latt . For small systems the minima of the inverse QFI scale as N −2 , reaching the Heisenberg limit as discussed above. For larger systems both the inverse QFI and spin squeezing display a shoulder due to finite size effects and then decrease. In the thermodynamic limit the sensitivity is expected to scale linearly with the number of particles as faraway atoms uncorrelate due to the finite range of the interaction potential. In Fig. 3(b) we study more in detail such scaling for infinite two-dimensional systems as a function of the blockade radius. We observe a scaling of the sensitivity as a power law of the blockade radius, which then defines a characteristic entangling distance of close-by atoms. In Fig. 3(c) we display the optimal times at which the minima are obtained showing that they both diminish with increasing blockade radius. In all cases, ENGSs outperform the sensitivity achievable with spin-squeezed states even for a relatively small blockade radius. Notably this entanglement is fully exploited by the Loschmidt echo protocol.
We further study here the possible experimental implementation of the Loschmidt echo with Rydberg atoms in a lattice. One of the main motivation is that the interaction between Rydberg atoms trapped in a lattice may be a crucial strategy to create entangled useful states to increase the sensitivity of lattice clocks [49] . A key issue that we address here is how to invert, in practice, the sign of the interaction strength in the Hamiltonian (3) in order to close the echo protocol. The internal level structure of each atoms is represented in Fig. 4 . The lower levels are two hyperfine states of an alkali atom or the two clock states of an alkaline earth atom. These two levels form an effective qubit. Operations are performed by a laser field characterized by the Rabi frequency Ω s . The upper qubit state is then weakly admixed to a Rydberg state via a far-off resonant laser field with coupling Ω r (Ω a ) and detuning ∆ r (∆ a ) for repulsive (attractive) interactions. Notably, interaction between Rydberg atoms can be switched on and off almost instantaneously.
For the realization of the Loschmidt echo protocol we choose a repulsive (attractive) Rydberg level in the first (second) part of the dynamics. The far off-resonant excitation allows to adiabatically eliminate the Rydberg state [50, 51] , at the cost of modifying the usual van der Walls interactions into effective soft-core inter-particle potentials V /2∆ a,r ) 1/6 the soft-core radius. Since kinetic terms (here we assume a deep optical lattice) and interactions among atoms in the ground state are negligi- ble and the two Rydberg states are only weakly mixed to the lower qubit states the system can be regarded as an effective spin-1/2 system described by standard Pauli operators:σ
and Hamiltonian:
The implementation of the scheme can be done within the current experimental capabilities either with rubidium atoms or with alkaline-earth atoms like strontium or ytterbium atoms excited to Rydberg states using a sequence of two spin echoes which remove the effect of inhomogeneous detuning as shown in Fig. 4 . We limit here the discussion to a specific implementation with Rb atoms. The qubit states can be chosen as the two hyperfine |F = 1 and |F = 2 states. Ryd- 
.5 s. For the second Rydberg state we choose the 80S 1/2 which displays repulsive interactions. The requirement on this second state is to satisfy the condition H r = −H a which implies that the soft-core radii in the two echo sequences need to be equal. With ∆ r /2π = 50 MHz and Ω r /2π = 0.75 MHz we get an interaction strength W r / = 2π ·0.317 Hz combined with an even longer lifetime τ 80 S ∼ 620 µs, which givesτ 80 S 11 s. The soft-core interaction potential is certainly weak compared to the original Van der Walls interaction, however the duration of the protocol does not exceed one tenth of the coherent lifetimes expected from these implementation. In a recent experiment the Munich group [40] explored single photon excitation to anisotropic Rydberg P-states and demonstrated the feasibility of Rydberg dressing in optical lattices. Coupling to states with P-symmetry ensures much higher interaction strengths (∼ 1 kHz) and therefore a much faster implementation of the protocol. Similarly single photon excitation from one of the clock states of alkaline-earth atoms may be a feasible alternative [48] .
For a discussion of the most relevant detection errors we refer to the Munich setup. The reconstruction of the Loschmidt-echo probability distribution P 0 (θ) Eq. (1) can be done by single (either spin-up or spin-down) or full spin resolution measurements (both spin-up and spindown) as recently realized in [54] with in-situ SternGerlach imaging. In both cases it may happen that a tiny fraction of atoms (∼ 1%) is lost during the measurement process. A lower bound for the QFI due to this effect gives F noise Q [|ψ 1 ,Ĵ n ] ≥ (1 − )F Q [|ψ 1 ,Ĵ n ] which shows that finite detection does not degrade the QFI significantly. Particle number fluctuations in the initial configuration can be detrimental, especially when single-spin resolution is performed. Contrarily, when full spin resolution is employed, sensitivity is not affected importantly.
As an example, we computed that for an OAT system with initial configuration following a gaussian distribution with N = 100 ± 7, QFI is reduced by 2%.
In conclusion, we have presented a versatile Loschmidt echo protocol for the creation and detection of ENGSs. It can be implemented in a variety of platforms, from ions to Rydberg atoms, from BECs to polar molecules. For the evolution of a pure state the protocol saturates the QFI. In view of possible applications to lattice clocks, we have focused here on the implementation with Rydberg dressed atoms. By choosing suitable Rydberg levels, it is possible to tune the interaction from attractive to repulsive while preserving the shape of the potential, and thus realize the Loschmidt echo protocol. Even for system size larger than the typical interaction radius, the nonlinear dynamics generates ENGSs that are more useful (for metrological purposes) than the spin-squeezed states generated on relatively short time scales. Applications of this protocols are within current experimental reach and they may reveal important for the implementation of next-generation quantum technological devices.
